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Abstract. This paper develops graph analogues of the genus bounds for the 
maximal size of an automorphism group of a compact Riemann surface of genus 
g > 2. Inspired by the work of M. Baker and S. Norine on harmonic morphisms 
between finite graphs, we motivate and define the notion of a harmonic group 
action. Denoting by M{g) the maximal size of such a harmonic group action 
on a graph of genus g > 2, we prove that A{g — 1) < M{g) < 6{g — 1), and 
these bounds are sharp in the sense that both are attained for infinitely many 
values of g. Moreover, we show that the values A{g — 1) and 6(51 — 1) are the 
only values taken by the function M(g). 

1. Introduction 

In the papers [3] and M. Baker and S. Norine study the category of finite 
graphs with harmonic morphisms as a discrete analogue of the category of Riemann 
surfaces with holomorphic maps. The cornerstone of the analogy is the Riemann- 
Roch theorem of [3], which allows for an Abel-Jacobi theory concerning the map 
from a graph to its Jacobian (see also [2] for a different approach). Baker and 
Norine go on to derive a Riemann-Hurwitz formula in [4], and use it to investigate 
hyperelliptic graphs and Weierstrass points. This paper furthers the analogy by 
establishing graph analogues of the genus bounds for the maximal size of an auto- 
morphism group of a compact Riemann surface of genus g > 2. The classical story 
is as follows: for each g > 2, define 

N{g) :— max{|Aut(X)| | X is a compact Riemann surface of genus g}. 

Then 8(3 + 1) < N{g) < 84(5 — 1), and these bounds are sharp in the sense 
that both the upper and lower bound are attained for infinitely many values of g. 
The upper bound 84(5 — 1) was found by Hurwitz in [7j, and the fact that it is 
sharp was proven by Macbeath in [8]. The lower bound and its sharpness were 
proven independently by Accola in [1] and Maclachlan in [9 , and the techniques 
of [1] provide the model for many of the arguments in the present paper. Indeed, 
once armed with the Riemann-Hurwitz formula from [3], the main complication in 
the graph-theoretic situation is the presence of vertical ramification, which has no 
analogue in the context of Riemann surfaces. 

By a graph we will always mean a finite, connected multigraph without loop 
edges. Thus, multiple edges between two vertices are allowed, but no vertex can 
have an edge to itself. We denote the edge-set and vertex-set of a graph G by E{G) 
and V{G) respectively. As in the case of Riemann surfaces, we define the genus of a 
graph G to be the rank of its first Betti homology group, g{G) = |i?(G)| — |F(G)| + 1. 
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This number is the dimension of the cycle-space of G, and is more commonly 
referred to as the cyclomatic number of G. 

With this terminology, let M (g) be the maximal size of a harmonic group action 
(see Definition 12. 4p on any graph of genus g > 2. This paper proves the following 
theorem: 

Theorem 1.1. For g > 2 we have A{g - 1) < M{g) < 6{g - 1). In fact, 4{g - 1) 
and 6(g — 1) are the only values taken by the function M{g), and both values are 
obtained for infinitely many values of g. 

Some remarks are in order concerning this result. First, Theorem 11.11 does not 
hold for g < I- Indeed, in sections l4.ll and f4.2l we show that there exist arbitrarily 
large harmonic group actions on graphs of genus and 1. Second, it seems difficult 
to determine the function M{g) precisely, although perhaps this problem is more 
tractable than in the case of Riemann surfaces where the analogous function N{g) 
is still unknown. More generally, it would be interesting to classify the groups and 
graphs that achieve the upper bound 6{g — 1). The corresponding question for 
Riemann surfaces leads to the study of Hurwitz groups and surfaces; for a survey 
see [5] and the update \W . 

We begin in section [5] by motivating the definition of a harmonic group action, 
and then characterize these actions as those that are non-degenerate and for which 
stabilizers of directed edges are trivial (Proposition 12. 5|) . In section [3] we use the 
Riemann-Hurwitz formula to investigate harmonic group actions with small ram- 
ification, and then in section |4] we classify harmonic actions on graphs of genus 
and 1. Sections [5] and [6] establish the sharp upper bound of Theorem 11.11 while 
section[7]provides the lower bound. The remaining two sections employ the method 
of Accola in [1] to prove the sharpness of the lower bound. 

2. Harmonic Group Actions 

A morphism of graphs : G ^ G' is a function : V{G)UE{G) ViG')UE{G') 
that maps vertices to vertices and such that for all e G E{G) with endpoints x,y ^ 
V{G), either 0(e) is an edge of G" with endpoints 0(a;), (j){y), or 0(e) = (j){x) = (j){y), 
in which case we say that the edge e is <j)-vertical. If x is a vertex of G, then we 
define a:(l) to be the subgraph of G induced by the edges incident to x (this should 
be thought of as the smallest neighborhood of x vn G). Explicitly, the vertices of 
x{\) are x and the vertices of G adjacent to x, while the edges of a;(l) are the edges 
of G incident to x. The morphism <j) is non- degenerate at x ^ ^(C) provided that 
4>{x{l)) =/= {4>{x)}, and (f) is non- degenerate if it is non-degenerate at every vertex 
of V{G). Thus, (f> is non-degenerate if it does not contract any neighborhood in G 
to a vertex of G". 

In 4J, Baker and Norine (building off of Urakawa in 11 ) propose the following 
definition of harmonic morphism as the correct graph analogue of a holomorphic 
map between Riemann surfaces: 

Definition 2.1. A morphism (f> : G ^ G' is harmonic if for all vertices x e V{G), 
the quantity \(j)~^(e') na;(l)| is independent of the choice of edge e' G E(if){x)(l)). 

That is, given a point y € V{G') and a point x in the fiber of 4> over y, all edges 
incident to y have the same number of pre- images incident to x, and we denote this 
common number by m^{x), the horizontal multiplicity of at a; . For each vertex 
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X € G, the vertical multiplicity v^{x) is defined to be tlie number of 0- vertical edges 
incident to x. Finally, the degree of (j) is the number of pre-images of any edge in 
G", and this is shown to be well defined in Lemma 2.4 of 0]. 

It is immediate that the composition of harmonic morphisms is harmonic. In 
addition, we have the following result. 

Proposition 2.2. Suppose that (f> : Gi ^ G2 is a nonconstant harmonic morphism, 
and ijj : G2 ^ G3 is a morphism such that p :— o cf) is harmonic. Then is 
harmonic. 

Proof. Given a point y G V{G2), let z = '(p{y), and consider any edge e G z{l). Now 
pick any x E V{Gi) such that (j){x) = y (such an x exists, since by Lemma 2.7 of [4], 
nonconstant harmonic morphisms are surjective). The cardinality of p~^{e) n x{\) 
is independent of our choice of e since p is harmonic. Consider the set 'ip^^{e)C\y{l). 
Then (j) harmonic implies that the cardinality of (p^^if) x{l) is independent of 
the choice of edge / € ip~^{e) r)y{l), and in fact independent of / € But 

p-\e)nx{i)= U r'{f)nx{i), 

/eV-i(e)ny(i) 

so it follows that #(i/^-i(e)ny(l)) = #(p~i(e) na;(l))/#((/)-i(/) n.x(l)), indepen- 
dent of e G z{l). This shows that ip is harmonic. □ 

Now suppose that F is a group of automorphisms of a graph G (note that F is 
necessarily finite since G is a finite graph) . Following [4] we define a quotient graph 
G/F together with a graph morphism 0r : G — > G/F as follows. The vertices of 
G/F are the F-orbits of the vertices of G, that is: V{G/T) := V{G)/T. The edges 
of G/F are the F-orbits of edges of G with endpoints in distinct F-orbits: 

£;(G/F) = £;(G)/F - {Fe I e has endpoints x,y and Fa; Ty}. 

Furthermore, (pr{x) = Fx for all x £ V{G). If e G E{G) with vertices x and y, then 
(f>r{e) — Fe if Tx ^ Fy, and 0r(e) — (prix) if Tx = Fy. That is, edges of G with 
vertices in the same F-orbit are (/)r-vertical. 

As the following simple example shows, the quotient morphism (pr need not be 
harmonic. 

Example 2.3. Consider the l^jTL-action on the barbell graph B shown in FigureUl 
where the nontrivial element acts by horizontal reflection. The quotient graph is P3 , 
the path of length three, but the quotient morphism B P3 is not harmonic: the 
center edge of P3 has only one pre-image, while the outer edges each have two. 




o- 



FiGURE 1. A non-harmonic quotient morphism with group Z/2Z. 
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This is contrary to the classical case; if S is a finite group of holomorphic 
automorphisms of a Riemann surface X, then the quotient space X/Yi has a complex 
structure such that the quotient map X — X/E is holomorphic ([TII| Theorem 3.4). 
To remedy this flaw in the graph-theoretic context, we introduce the following 
definition. 

Definition 2.4. Suppose that T < Aut[G) is a group of automorphisms of a graph 
G. Then T acts harmonically on G if for all subgroups A < F, the quotient mor- 
phism 4>A '■ G G/A is harmonic and non- degenerate. 

Proposition 12.21 has the following consequence: if F is a group acting harmonically 
on G, and Ai < A2 < F are subgroups, then the induced map G/Ai — > G/A2 is 
harmonic and non-degenerate. 

The requirement that all subgroups induce harmonic quotient morphisms is a 
very stringent one. As a simple illustration, consider the Z/2Z x Z/2Z-action on the 
barbell graph B in Figure [U where the first copy of Z/2Z acts by reflection across 
the vertical bisector of the middle edge, while the second copy acts via a counter- 
clockwise rotation through tt radians. Both of these involutions act harmonically, 
with quotients of genus 1. Moreover, the full Klein- four action induces a harmonic 
quotient morphism to Pi, the path of length one. Nevertheless, this action is not 
harmonic, because the composition of the two involutions described above is the 
horizontal reflection described in Example 12.31 

The next proposition provides a criterion for a group action to be harmonic. 

Proposition 2.5. Suppose F < Aut{G) is a group of automorphisms of a graph G. 
Then F acts harmonically if and only if for every vertex x G V{G), the stabilizer 
subgroup acts freely on E{x{l)) and V{x{l)) <f_ Yx. 

Proof. It is clear that all quotient maps by subgroups of F are non-degenerate if and 
only if V{x{l)) ^ Fx for all x £ V{G), so assume that this condition is satisfied. 

First suppose that the stabilizer subgroups F^, act freely on the edgesets E{x{l)) 
for all X S V{G). Let A < F be any subgroup, and consider the quotient map 
(pA '■ G ^ G/A. Furthermore, let e' G y{l) where y is a vertex of G/A, and 
choose any x G G such that (f>A{x) — y. Then choose an edge e G x{l) such that 
0A(e) = e'. Now n a;(l) = Ae n x(I) = A^e ^ (F^ n A)e. But since F^ 

acts freely on ^^(^(l)), we see that the cardinality of (/)^^(e') fl a;(l) is equal to the 
order of F^: H A = A^;, independently of e. Thus F acts harmonically on G. 

Now suppose that F acts harmonically on G, and consider a stabilizer F^:. As- 
sume that 7 G Fa: fixes the edge e G x(l). Then consider the non-degenerate 
harmonic quotient map 0^ : G — > G/ (7). Setting ^^(e) = e', we see that 
deg(0^) = #((?!)~^(e')) = #((7)e) = 1, so that (j)^ is a degree one harmonic mor- 
phism. It follows that every edge of G is either fixed by 7, or else the ends of the 
edge are contained in the same (7)-orbit. But then every vertex w G G is either 
fixed by 7, or else V(w{l)) C (7} w, which contradicts non-degeneracy. Thus 7 
fixes all vertices of G, and hence is the identity automorphism. This shows that 
the stabilizer F^; acts freely on E{x{l)). □ 

Proposition 12.51 says that F acts harmonically on G if and only if the stabilizers 
of directed edges are trivial, and V{x{l)) Vx for all x G 1^(G). Thus, if F acts 
harmonically on G, then the quotient map G — t- G/F has degree |F| as expected. 
Moreover, at every x G G, the horizontal multiplicity of 0r is given by m(x) = ^x\i 
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and permutes the (/)r-vertical edges in a;(l). Since the action is free, we see that 
\Tx\ divides the vertical multiphcity v{x), and we define w(x) so that w(x)|r2;| — 
v{x). The Riemann-Hurwitz formula Theorem 2.14) now says that 



25(G) -2 = |r|(2g(G/r)-2)+ Y 2{mix)-l) + vix) 

x<£V(G} 

= |r|(2g(G/r)-2)+ 2(|r,|-l)+i;(a.) 
xev{G) 

= |r|(2g(G/r)-2)+ Y ^M\rx\-i) + vix)] 

= |r|(2g(G/r)-2+ Y [2(l-^)+^«(^)]) 

= |r|(2g(G/r)-2 + i?) 

where R := J2yeviG/r)i^i^ ^ + '^y^' "^^^^ '^v '"'"^1 ^^'^ '^v ^""^ 
X e 0f ^(y). 

We end this section with two examples to illustrate the meaning of the quantities 
r and w in the Riemann-Hurwitz formula above. 

Example 2.6. Figure\^ shows a harmonic Klein-four action on a graph of genus 
3, yielding a quotient of genus 1. One involution acts by counterclockwise rotation 
through n radians, while another involution exchanges the top and bottom squares, 
flipping the vertical edges. The branch locus consists of a single point y, with ry — 
w„ = 1. 



Figure 2. A harmonic Klein- four cover with only vertical ramification. 



Example 2.7. Figure\3[ shows a harmonic Klein-four action on a graph of genus 
5, yielding a quotient of genus 1. One involution acts by reflection across the 
horizontal bisector of the vertical edges, while another involution fixes the degree 6 
vertices on the right, exchanging the horizontal petals and switching the two vertical 
edges. The branch locus consists of a single point y, with ry = 2 and Wy = 1. 

3. Branch Loci of Harmonic Quotient Maps 

Let L be a group acting harmonically on a finite graph G, so that we have a non- 
degenerate harmonic quotient map 0r : G ^ G/F = G'. In this section we describe 
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Figure 3. A harmonic Klein- four cover witli liorizontal and ver- 
tical ramification. 



how the ramification number R — X]j,gG' '^(^ ~ 7~) '^^v from the Riemann-Hurwitz 
formula determines the possible branch loci for 0r in several cases. 

Proposition 3.1. If < R < 2. then there is a single branch point y G G' , and 
either ry > 2 and Wy = 0, or ry — Wy = 1. 

Proof. First note that each term 2{1 — -p-) + Wy > 1, with equality only if ry = Wy = 
1 or Tj, = 2, = 0. This shows immediately that there is only one branch point 
if < i? < 2. Moreover, the cases listed are the only possible yielding < R < 2. 
The case ry — Wy — 1 is illustrated in Figure [H □ 

Proposition 3.2. If R = 2, then there are several possibilities: 

(i) There is a single branch point y G G' , and ry — 2,Wy — 1 or ry = l,Wy =2. 

(ii) There are two branch points yi and y2, and we have the following possibil- 
ities for the ramification vector (ri, r2; wi, W2) (up to a re-ordering of the 
branch points): 

(a) (2,2; 0,0) 

(b) (1,1; 1,1) 

(c) (1,2; 1,0). 

Proof. If there is a single branch point, then we must have ^ = Wy ov 2 = ryWy. 
The two solutions are as stated. The case ry = 2 and Wj, = 1 is illustrated in 
Figure |3l 

Now suppose there are two branch points. Then we must have 2 + tui + W2 = 
^ -|- The three vectors listed are clearly solutions, and a little thought shows 
that they are the only solutions. 

More than two branch points cannot occur, since each contributes at least 1 to 
R. □ 

Proposition 3.3. If R > 2, then in fact R> ^, and this lower bound occurs in 
exactly three ways: 

(i) a single branch point with r ^ 3,w ^ 1; 

(ii) two branch points with vector (ri, Wi, W2) = (3, 2; 0, 0); 

(iii) two branch points with vector (^i, r2; Wi, u'2) = (3, 1;0, 1). 

Proof. First note that if there are three or more branch points, then i? > 3. For a 
single branch point we have 2<R — 2 — ^+wii and only if 2 < rw, and a little 
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thought shows that the minimum occurs as stated. Moreover, since the w's only 
contribute integer values, the only way to achieve i? = | is to get a contribution of 
I from one of the r terms. This can happen in the two ways stated. □ 

4. Harmonic Group Actions on Graphs of Low Genus 

4.1. Genus zero. Suppose that T is a tree (i.e. a finite graph of genus zero), and 
that r acts harmonically on T. Then Riemann-Hurwitz says that —2 = |r|(— 2 + i?). 
If r is nontrivial, then we see that i? 7^ 0, and in fact < i? < 2 with |r| = jr^- 
From Proposition 13. II we see that T T/T has a single branch point y with either 
r = w = 1 (which yields i? = 1) or r > 2, ix; = (which yields R — 2(1 — i)). In 
the first case we get F = Z/2Z, and the tree T can be obtained by connecting two 
copies of a rooted tree Tq with a single edge between the roots. Then F acts by 
interchanging the two rooted trees, so that the ramification locus consists of the two 
roots (each with horizontal multiplicity 1), and the connecting edge is ^r-vertical. 

In the second case we get |F| = r, which implies that the ramification locus 
consists of a single point x (because the order of the stabilizer of a; is r). Then T 
is obtained as follows: let Tq be a rooted tree, and then let T be the tree obtained 
by joining r copies of Tq at their roots, one for each element of F. Then let F act 
on T by permuting the copies of Tq according to the left-regular representation. 
In particular, we see that T must have a central vertex, with isomorphic branches. 
This analysis shows that unlike the case of Riemann surfaces ([TU] Prop. 3.1), 
stabilizers of harmonic group actions can be non-cyclic (F was arbitrary above) . 

4.2. Genus one. Now suppose that G has genus 1, and F acts harmonically on G. 
If g{G/T) = 1, then Riemann-Hurwitz says that ~ |r|i?, so that R — and the 
quotient map is unramified. It follows that F must be a subgroup of the rotations 
of the unique cycle of G. In particular, F is cyclic of order a strict divisor of the 
number of vertices in the unique cycle of G. 

Now we consider the case that g{G/T) = 0. Then we find that R = 2, and 
Proposition 13 . 2 1 tells us that there are several possibilities for the ramification locus. 
The first case is that there is a single branch point y, and every point above y has 
horizontal multiplicity 2 and 2 vertical edges. Hence, the stabilizers are all cyclic of 
order 2. Here is the only example: the obvious D„-action on an n-cycle decorated 
with two copies of a tree T at each vertex. The other ramification possibilities arise 
by restricting this _D„-action to various subgroups as described below. 



Figure 4. A decorated 6-cycle supporting a harmonic Dg-action. 

In the second case there is a single branch point y, and every point above y has 
horizontal multiplicity 1 and 2 vertical edges (in this case all ramification is vertical). 
This corresponds to the action of the cyclic subgroup of degree n contained in Dn- 



8 



SCOTT CORRY 



The remaining cases all have two ramifieation points, and differ according to their 
ramification vector {ri,r2','Wi,W2)- The case (2, 2; 0,0) requires n to be even, and 
corresponds to a reflection across the line joining two antipodal vertices in the n- 
cycle. The case (1,2; 1,0) requires n to be odd, and corresponds to a reflection 
across the line joining a vertex to the midpoint of the opposite edge. Finally, the 
case (1, 1; 1, 1) occurs by reflecting an n-cycle for n-even across the line joining the 
midpoints of two opposite edges. 

5. The Hurwitz Genus Bound 

Now suppose that g{G) > 2, and F acts harmonically on G. First assume that 
g{G/r) > 1. If i? = 0, then the Riemann-Hurwitz formula implies that g{G/T) > 2, 
so 

|r| = -7777F; — 7 < 9{G) - 1. 

g(G/T) - 1 

If i? =^ 0, then i? > 1, so 

Consequently, if |F| > 2{g{G) — 1), then we must have g{G/T) = 0. 

We now assume that g{G/T) — 0. Then R > 2, and so by Proposition 13.31 we 
actually have i? > |. But then 

|r| = ^^g^<6(,(G)-i). 

This is the analogue of the classical Hurwitz genus bound [7] for the size of holo- 
morphic group actions on compact Riemann surfaces of genus g > 2. 

The following example shows that the upper bound 6{g — l) is attained for g = 2: 
let T be the rooted tree consisting of three edges emanating from a root vertex. 
Then join two copies of T via 3 edges between the roots to obtain a graph G of 
genus 2 (see Figure [5]). The group Z/3Z x Z/2Z — {<t,t) acts harmonically on 
G, achieving the Hurwitz genus bound. Here cr fixes both degree-6 vertices while 
permuting all the edges, and r flips the vertices, interchanging the two copies of T 
and making the connecting edges (/)i--vertical. 



Figure 5. A genus 2 graph supporting a harmonic Z/3Z x Z/2Z- 
action, thereby attaining the Hurwitz bound. 



6. Sharpness of the Upper Bound 

Adapting an idea from Macbeath 8 , we prove the following result: 

Proposition 6.1. Let g = m^ + l form > 1. Then M{g) — 6(17 — 1). That is, there 
exists a graph G{m) of genus g — m? + 1 and a group T(m) of order Q[g^l) = 6m^ 
acting harmonically on G{m). 



GENUS BOUNDS FOR HARMONIC GROUP ACTIONS ON FINITE GRAPHS 9 

Proof. Let G — G(l) be the graph of genus 2 achieving the Hurwitz bound in 
Figure m Then the fundamental group tti of G is the free group on two generators, 
corresponding to the two loops of G. As described at the end of section [Sj F = 
Z/3Z X Z/2Z = (ct, r) acts harmonically on G, and by Theorem 2 of [8] this action 
lifts to the universal cover T of G, normalizing tti viewed as the group of deck 
transformations. Thus, we have a group F of automorphisms of T, described by 
the following group extension: 

1 ^ TTl ^ f ^ F ^ 1. 

Taking the pushout via the characteristic quotient tti — > tti/Itti, ttiJtt™ = (Z/mZ)^, 
we obtain an exact sequence defining a group F(m) of order 6rn^: 

1 ^ (Z/mZ)2 ^ F(m) ^ F ^ 1. 

Letting G(rn) denote the (Z/mZ)'^ unramified covering of G corresponding to the 
subgroup [tti, ttiJtt™, we see that F(m) acts on G(m), and an application of Proposi- 
tion l2.5l shows that this action is harmonic. Indeed, the vertices of G(m) with non- 
trivial stabilizers comprise the fibers over the degree-6 vertices of G. For each such 
vertex x G G{m), the stabilizer subgroup T{m)x has order 3, and it acts freely on the 
six edges incident to x. Thus, no directed edge is fixed by F(m), so the action is har- 
monic. Moreover, by Riemann-Hurwitz g{G{m)) — m?{g{G) — 1) -I- 1 = w? + 1. □ 

7. A Lower Bound 

Let S denote the square graph consisting of four vertices and four edges. For 
g > 3, let Gg be the graph of genus g obtained by joining .g — 1 copies of S in 
a cycle, leaving a pair of opposite vertices in each square unattached. The group 
Z/2Z X Dg^i acts harmonically on the resulting graph Gg. Here -Dg-i acts in the 
natural way on the cycle of squares, while Z/2Z interchanges the inner and outer 
edges of the squares. 




Figure 6. The graph G7 

Hence, for each <? > 3, there exists a graph Gg of genus g supporting a harmonic 
group action by a group of order 4(g — 1). If we define M{g) to be the maximal 
size of a group acting harmonically on any graph of genus g > 2, then we have 
established the bounds announced in Theorem ll.il 

4(5-l)<A/(.g)<6(.g-l), 

and by Proposition 16. 1[ the upper bound is sharp. To complete the proof of The- 
orem ll.11 it remains to show that the lower bound is sharp, and that 4:{g — 1) and 
6{g — 1) arc actually the only values taken by the function M{g). 
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8. Prime Factors of Harmonic Automorphism Group Orders 

Suppose that g = g{G) > 2, and F acts harmonically on G. We wish to determine 
the possible prime factors of |F|. As in Accola [1 , the next two lemmas are simple 
consequences of the Riemann-Hurwitz formula. So suppose that p \ |F|, for p prime. 
Fhen by Cauchy's Fheorem, F has a cyclic subgroup, C, of order p. We consider 
the p-cyclic harmonic cover G G/C. Note that if y G G/C is a branch point with 
horizontal ramification in the fiber, then the fiber consists of a single point (since p 
prime), so that there is no vertical ramification over y. Hence, the Riemann-Hurwitz 
formula says that 

t 

2g-2= p{2go - 2) + 2s{p - 1) 

j=i 

where 

. go := giG/C); 

• s :— number of branch points with horizontal ramification in the fiber; 

• t := number of branch points with only vertical ramification in the fiber; 

• Wj > 1 is the vertical ramification index above the jth vertically ramified 
branch point. 

First suppose that go > 2. Fhen we have 2g — 2 > 2p, oi p < g — \. If 50 = Ij then 
the Riemann-Hurwitz formula becomes 

t 

2g-2^2s{p-l)+pY,w,. 

j=i 

so that if s > 1 we have 2g — 2 > 2(p — 1) , or p < g. On the other hand if s = 0, then 
we have 2g — 2 = pX^J^i "^j^ that p | 2(g—l), and in particular^ < max{2, g — 1}. 
Now suppose that go = 0. Then we have 

t 

2.g - 2 = -2p + 2s{p ~ I) +p^Wj. 

j=i 

If s > 2 then we get 2g ~ 2 > 2p — 4, or p < g + 1. If s = 1, then we get 
25 = pX]5=i which implies that p \ 2g. In particular, p < g. Finally, if s = 0, 
then 2g — 2 — —2p + p X]*=i ' which implies that p \ 2{g — 1), and in particular 
p < max{2,5 — 1}. Putting all of this together, we see that p < 17 -I- 1 in all cases, 
and we have proven the following lemma: 

Lemma 8.1. Suppose that F acts harmonically on a graph G of genus g >2. If p 
is a prime factor of \T\, then p divides {g + 1)1. 

We now prove the analogue of Femma 10 from [1]: 

Lemma 8.2. Let 171 > 1 and set g ^ 1 — p{gi — 1) for a prime number p. Suppose 
that C is a cyclic group of order p acting harmonically on a graph G of genus g. If 
p > gi + 1, then the p-cyclic harmonic cover G G/C is horizontally unramified. 

Proof. Riemann Hurwitz says that (using the notation above): 

t 

2g - 2 - p{2go - 2) + 2s{p - 1) + w;^. 

i=i 
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Using the fact that g — 1 = p(.gi — 1) gives 

t 

2p(ffi - 1) = p(2.go - 2) + 2s{p - 1) + p ^ u;^ . 
Subtraction now yields 

t 

2s{p - 1) = 2p{gi - .go) -p^Wj, 

i=i 

which imphes that p divides s since p > gi + 1 > 2. li gi — g^, then we see that 
the map must be unramified. So suppose that gi > go (so the map is ramified). If 
there were horizontal ramification, then s > 0, and it would follow that 

P - 1 = ^(31 - 5o) - ^ XI "'j - 

so p < gi + 1, contradicting our hypothesis on p. Thus, the map is horizontally 
unramified as claimed. □ 

Lemma 8.3. Suppose that T acts harmonically on a graph G 0/ genus g > 2, and 
that C <T is a normal p- cyclic subgroup for a prime p < g. Furthermore, suppose 
that the quotient map G — > G/C is horizontally unramified. If g{G/C) < 1, then 

|r| <%-i). 

Proof Set k = \T/C\, so that |r| = pk. Note that if /c < 4, then |r| ^ kp < 4(5-1) 
by assumption. So assume that fc > 4. First consider the case g{G/C) = 1. Since 
g > 2, the p-cyclic cover G — >■ G/C must be ramified, and by assumption all 
ramification is vertical. So Riemann-Hurwitz says that 2g — 2 = pX]j=i — P^- 
But r/C acts harmonically on G/C, and it must permute the branch locus of the 
cover G — ^ G/C. From section we see that F/C is isomorphic to a subgroup of 
a dihedral group, and that the stabilizers of its action on G/C have order at most 
2. So the branch locus of G — G/C consists of a disjoint union of F/C-orbits, each 
of size at least |. It follows that i > |, so that 4^ - 4 = 2{2g - 2) > 2pt > 2p| = 
pk = |F| as claimed. 

Now suppose that g{G/C) = 0. Then F/C acts harmonically on the tree G/C, 
and from section HTT] we see that if G/C does not have a central vertex with isomor- 
phic branches, then k — 2, contrary to our assumption k > A. So assume that G/C 
does have a central vertex with isomorphic branches, and consider the vertically 
ramified p-cyclic cover G G/C. First suppose that only the center point of G/C 
is ramified in the cover. Then the fiber over the center point forms a single F-orbit, 
so each of its p vertices has a stabilizer of order k under the action of F. But this 
means that the map G G/T is branched at a single point, with r = k and w > 1. 
Riemann-Hurwitz yields 2g — 2 = pk{—2 + 2(1 — ■^) -|- w) = — 2p -f pkw > pk — 2p. 
Multiplying by 2 and using fc > 4 then gives 4(7— 4 > 2pfc— 4p > 2pk~pk — pk = |F|. 

If the branch locus of G — >■ G/C contains points other than the central point, 
then the set of non-central branch points forms a disjoint union of F/G-orbits, each 
of size fc. In particular, we have 4 < fc < t, where t is the number of branch points. 
Riemann-Hurwitz says that 2g — 2 — — 2p + p X^J^i Wj > ~2p + pt = p{t — 2). It 
follows that |F| = pk < pt = 2pt - pt < 2pt - 4p = 2p{t - 2) < 4.g - 4 as required. 

□ 
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Finally, we prove an analogue of Theorem 1 from [l]. The new wrinkle in the 
graph-theoretic scenario is the possibility of vertical ramification. 

Proposition 8.4. Let gi > 1 and p be a prime satisfying the following two condi- 
tions: 

(i) p > 6(51 - 1) 

(ii) + 1)0 = 1. 

Set g — I — p{gi — 1) and suppose that G is a graph of genus g admitting a group 
r of automorphisms acting harmonically. If p divides \T\, then \T\ < 4:{g ~ 1). 

Proof. Suppose that p \ \T\. By the Hurwitz genus bound we have |r| < 6(5 — 1) = 
6p{gi — 1), so that 

iri 

A; := — < 6{gi - 1) < p. 
P 

Thus, we have |r| — pk with p > k. By the Sylow Theorems, G has a unique 
(normal) cyclic p-Sylow subgroup C. Moreover, p > 6(51 — 1) > gi + I, so by 
Lemma l8.21 the map G — > G/C is horizontally unramified. Riemann-Hurwitz then 
says that 2p{gi - 1) = 2.g - 2 = p{2g{G/C) - 2) Wj > p{2g{G/C) - 2), so 

that g{G/G) < gi. If g{G/C) < 1, then Lemma [83] says that |r| < 4(.g - 1), so we 
may assume that g{G/C) > 1. 

Now the quotient group K :— T/C of order k acts harmonically on G/C, so 
Lemma [8.11 savs that all prime factors of k must divide {g{G/G) + 1)1, a fortiori 
{gi + 1)1. But by assumption (ii) on the prime p, we conclude that is relatively 
prime to k, which implies that (p — 1, fc) = 1,2. 

Consider the map F -> Aut(C) = Z/(p — 1)Z, defined by sending an element 
7 G F to the automorphism of C given by conjugation by 7. If H is the kernel of 
this map, then H is a. normal subgroup of F containing C in its center. Now |F/i/| 
divides both |F| = pk, and |Aut(C)| = p - 1, so that |F/iJ| divides {p -l,k) = 1, 2. 
This shows that H has index 1 or 2 in F. Hence, we will be finished if we can show 
that \H\ < 2g - 2. 

Now H is a, central extension of H/C by C. But these groups have relatively 
prime orders, so the extension must be split. Hence, H = C x N, where is a 
normal complement to C in H. I claim that the p-cyclic harmonic cover G/N — 
G/H is horizontally unramified. Indeed, if y G G/N is a horizontally ramified 
point, then it must be totally ramified, so that the image of a generator c G C fixes 
y. Let x £ G be a preimage of the point y under the map G — > G/N . Then c must 
act on the orbit Nx C V{G), which has cardinality prime to p (it is a factor of k). 
Hence, c must act trivially on Nx, which means that the action of c on G has fixed 
points. But then G — > G/C is horizontally ramified, which is a contradiction. So 
the map G/N ^ G/H can have at most vertical ramification. 

If G/N G/H is unramified, then 2g{G/N) - 2 = p(2g{G/H) - 2), which 
implies that g{G/H) > 1. From Section [5] we see that \H\ < 2g — 2. Now suppose 
that G/N — !• G/H is vertically ramified. If g{G/H) > 0, then as before we have 
l^^l ^ 25—2. So suppose on the contrary that (/(G/i?) = 0. Then Riemann-Hurwitz 
says that 

t 

2{g{G/N)-l) = -2p + pY,w,. 
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In particular, we see that p divides g{G/N) — 1. First suppose that g{G/N) > 1. 
Then we must have p < g{G/N) — 1. Now since |A^| = fc or |, Riemann-Hurwitz 
apphed to the map G G/N says that 

2(5 - 1) = 2\N\{giG/N) - 1) + \N\R > k{g{G/N) - 1). 

Muhiplying by p and dividing by g{G/N) — 1 yields 

|r|=pfc< J^if^<2g-2. 
' ^ - giG/N) -I - ^ 

Now consider the case g{G/H) = and g{G/N) = 1. Then the vertically 
ramified map G/N — !■ G/ H must have X)5=i ""^j = 2. If there are two branch points, 
then reviewing the options for harmonic actions on genus 1 graphs f Section 14. 2p . 
we see that the only possibility is p = 2, which is excluded by our assumption that 
p > 6(51 — 1). Hence, there is a single branch point, and we see that G/N is a 
p-cycle decorated with a tree T at each vertex. 

Now consider the map G —> G/N. Then Riemann-Hurwitz says that 25 — 2 = 
|7V|i?. Since the C-action on G/N lifts to a C-action on G, we see that the branch 
locus is permuted by G. Hence the branch locus is a disjoint union of C-orbits, each 
consisting of p branch points with the same ramification. It follows that R — pR' 
for some R' >\. But then 

4(5 - 1) = 2(25 - 2) = 2\N\R = 2\N\pR' > 2^p = kp = |r|. 

Thus, in all cases we see that |r| < 4(5 — 1). □ 

9. Sharpness of the Lower Bound 

We begin with a somewhat surprising proposition, which implies in particular 
that the function M (5) only takes the values 4(5 — 1) and 6(5 — 1): 

Proposition 9.1. Let G be a graph of genus g >2, and T a group acting harmon- 
ically on G, with order \T\ > 4(5 — 1). Then \T\ = 6(5 — 1), i.e. the pair (G,r) 
achieves the Hurwitz genus bound from section [31 

Proof. Note that the discussion in section[5] implies that g{G/T) = 0. We proceed by 
determining the possibilities for the ramification in the map G G/T. Riemann- 
Hurwitz says that 

25 - 2 = |r|(-2 + R)> (45 - 4)(-2 + R), 
which implies that 

^>i? = ^[2(l-l)+t..]. 

i—l 

Since the map must be ramified, we conclude that s = 1 or s = 2. More- 
over, g{G) > 2 implies that i? > 2, so the map must have horizontal ramifi- 
cation. Consider the case of two branch points, one of which has only vertical 
ramification in the fiber. Then 2 < R — 2(1 — ^) + wi + W2 < f implies that 
{ri,r2',wi,W2) = (3,1; 0,1). This corresponds to case 3 of Proposition 15751 and we 
see that R — ^, so that |r| = 6(5 — 1) as claimed. If both branch points have 
horizontal ramification, the condition 2 < R — 2(1 — ^) -I- 2(1 — ^) +wi +W2 < | 
implies that (ri, r2; wi, W2) = (3, 2; 0,0) which is case 2 of Proposition [3^31 Again, 
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this implies that |r| = 6{g — 1). Finally, the case of a single branch point yields 
case 1 of Proposition 13.31 Hence, R — and |r| = 6(17 — 1) in all cases. 

□ 

We now complete the proof of Theorem 11.11 with the following proposition. 

Proposition 9.2. The lower bound in Theorem \l.l\ is sharp: there exist infinitely 
many g such that M{g) — A{g — 1). 

Proof. Fix gi > 1 and suppose that p is a prime satisfying the conditions of Propo- 
sition lS^ G is a graph of genus g — p{gi — 1) + 1, and F is a group acting harmon- 
ically on G. Then |F| < 4(17 — 1), for if not, then Proposition 19.11 would imply that 
|F| = 6(17 — 1) = &p{gi — 1), and p would divide |r|, contradicting Proposition 18.41 
So in the situation of Proposition 18. 4[ we have M{g) — 4(g — 1). I claim that 
there are infinitely many such g. Indeed, set 171 — 2, so that we will be considering 
prime numbers p and g — p + 1. In this case the hypotheses of Proposition 18.41 
require p > 6 and (^^^,6) ~ 1. That is, must be odd and not divisible by 
3. But this means that = 6A; ± 1, or p - 1 = 12fc ± 2, or finally p = 12k - 1 
(the number 12fc + 3 is never prime and greater than 6). By Dirichlet's Theorem, 
there are infinitely many primes of the form 12fc — 1, which means that there are 
infinitely many (7's of the form 12fc such that g — 1 = p is prime. For all such g's 
we have M{g) = A{g — 1), and the lower bound is sharp. □ 
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